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Abstract. We determine the minimal volume of arithmetic hyperbolic orientable n- 
dimensional orbifolds (compact and non-compact) for every odd dimension n > 5. Com- 
bined with the previously known results it solves the minimal volume problem for arith- 
metic hyperbolic n-orbifolds in all dimensions. 



1. Introduction 

In this paper we study volumes of arithmetic hyperbolic orbifolds of odd dimension. 
Our main results determine the arithmetic hyperbolic orientable n-dimensional orbifolds 
(compact and non-compact) of smallest volume for every odd dimension n>5. This work 
can be considered as a continuation of the research which was done in [6] for n = 3 and in 
[2] for even n > 2. The question of minimal volume for n = 2 is answered by a classical 
theorem of Siegel [28]. Together with these results our paper concludes the study of the 
minimal volume for arithmetic hyperbolic n-orbifolds in all dimensions. Our Theorems 1 
and 2 give a more precise version of the results of the second author's PhD thesis [9]. We 
refer to the thesis for an introduction to the methods used in this paper and for a more 
detailed exposition of the proofs. 

Let H" be the hyperbolic n-space and let Isom(EI") be its group of isometrics. Given 
a lattice F in PO(n, 1) = Isom(HI"), the corresponding quotient space W/T is called a 
hyperbolic n-orbifold. When Y < Isom+(EI") = PO(n, 1)°, the orbifold is orientable. If F 
is an arithmetic lattice defined over a number field k (see Section 2.2), we call O = E["/F 
an arithmetic orbifold and we call k lis field of definition. 

Theorem 1. For each dimension n = 2r — I > 5, there is a unique orientable compact 
arithmetic hyperbolic n-orbifold Oq of the smallest volume. It is defined over ko = Q[v^] 
and has hyperbolic volume given by the formula 

where io is the quartic field with a defining polynomial —x^ + 2x— 1. 
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The proof of Theorem 1 is conceptually similar to that in [2]: The main ingredients are 
Prasad's volume formula [25], some results and ideas of Borel-Prasad [5] and Bruhat-Tits 
theory (see [31]). Essential differences in comparison with the previous work lie on the 
technical side. They can be explained by considering the algebraic group whose real points 
is PO(n, 1)°. First, its algebraic simply connected covering is a 4-covering when n is odd 
(while it is only a double covering when n is even). Secondly, when n is odd, PO(n, 1)° is 
of type D, for which there exist outer forms (for n even the type is B and all forms of this 
type are inner). In particular, the triality forms ^'^D4 come out while dealing with n = l . 
However, our work shows that the orbifold is not defined by a triality form. In order to 
deal with this issues we need to analyze in detail the structure of the algebraic groups of 
type D defined over number fields. More precisely, compact hyperbolic arithmetic orbifolds 
can be constructed using any totally real number field different from Q. 

Geometric methods can be used in small dimensions {n < 9) to determine non-compact 
hyperbolic n-orbifolds of the smallest volume (including non- arithmetic orbifolds) [18, 13, 
14]. All these minimal orbifolds are known to be arithmetic. The following theorem is 
consistent with the results of [13] and gives new results in higher dimensions: 

Theorem 2. For each dimension n = 2r—\ > 5, there is a unique orientable non-compact 
arithmetic hyperbolic n-orbifold O'l of the smallest volume. Its volume is given by: 

(1) ifr=l {mod A): 

(2) ifr = 3{modA): 

vowoj) . '"-j'g:'-" cwng^C(20; 

(3) ifris even: 

where li =Q[y^]. 

The remarks made above about the proof of Theorem 1 remain valid for Theorem 2, 
except some specific issues. Thus, by Godement's compactness criterion the field of defi- 
nition of a non-compact arithmetic hyperbolic w-orbifold is known to be the field of rational 
numbers Q. Also, the issue of triality forms does not appear here: non-compact hyperbolic 
orbifolds are never related to the triality (see Section 2.3). Regardless of this few simpli- 
fications the proof of Theorem 2 requires essentially all the machinery which is used for 
Theorem 1. 

The results of Hild in [13] which we mentioned above allow us to compare the formulas 
from Theorem 2 with what was obtained by geometric methods for small dimensions. We 
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note that the resuhs of [13] are not limited to orientable orbifolds. In particular, it is proved 
there that the smallest volume n-orbifold for n = 5,7,9 is non-orientable and unique. This 
shows that the orientable double covers of these orbifolds correspond to our O" (n = 5, 7, 9). 
Their volumes coincide with the formulas given in Theorem 2. 

By evaluating the volumes in Theorems 1 and 2 and comparing their asymptotic growth 
for large n we obtain the following theorem of an independent interest. It was already 
known for even dimensions (see [2, Sec. 4.5]), and our work allows us to extend it for all 
sufficiently large n. This result gives further support to a general conjecture stated in [2, 
Add. 1.6]. 

Theorem 3. For every dimension n>5, the minimal volume of a non-compact arithmetic 
hyperbolic n-orbifold is smaller than the volume of any compact arithmetic hyperbolic n- 
orbifold. Moreover, the ratio between the minimal volumes Vo1ihi(Oq)/Vo1ihi(0") grows 
super-exponentially with n. 

It is interesting to point out a counterintuitive feature of this result: certain orbifolds 
which are non-compact and thus have infinite cusps appear to be smaller than any compact 
arithmetic orbifold of the same dimension. We can recall that for 2 < n < 4 the situation is 
different, here the minimal volume of a non-compact hyperbolic n-orbifold is larger than 
the volume of the smallest compact arithmetic n-orbifold (see [6], [18], [2] and [14]). The 
same result holds true for n = 2 and 3 without arithmeticity assumption. We conjecture 
that in higher dimensions one can also remove the assumption of arithmeticity and that our 
Theorem 3 should apply to all hyperbolic n-orbifolds. 

We now give a brief outline of the paper. Section 2 provides some preliminary results 
which are used along the lines. In Section 3 we construct principal arithmetic subgroups Aq 
and Ai whose normalizers appear to be the natural candidates for the arithmetic subgroups 
of minimal covolume. This construction is motivated by Prasad's volume formula intro- 
duced in Section 2.6. In Section 4 we give a bound for the index of a principal arithmetic 
subgroup in its normalizer. This bound is essential for our argument, its derivation is based 
on a detailed study of Galois cohomology. The results of Section 4 are used in Section 5 
to compute the precise indices for our groups Aq and Ai . Uniqueness of the groups Aq, Ai 
and their normalizers is established in Section 6. The proof is based on a reformulation of 
the problem in terms of Galois cohomology which allows us to apply the methods of the 
class field theory together with the results of the previous sections to show the uniqueness. 
After all these preparations we are ready to prove the main theorems. This is done in Sec- 
tions 7-10. The idea is first to use the general estimates and reduce the list of the possible 
candidates for the minimal volume. Then we improve the estimates using some specific 
properties of the candidates from the list and reiterate the procedure. After several steps 
of this optimization process we reduce the number of possibilities to a few candidates. A 
careful analysis of these remaining cases shows that the minimum is always attained on 
the groups which were constructed in Section 3. This finishes the proof of Theorems 1 
and 2. The final Section 10 is dedicated to the study of growth of the minimal volume and 
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the proof of Theorem 3. The results obtained here have some interesting applications. In 
particular, the method of [1] allows to apply these results together with [2] to the problem 
of classification of arithmetic hyperbolic reflection groups. 

Acknowledgements. We would like to thank Ruth Kellerhals, Gopal Prasad, Alireza Salehi 
Golsefidy and Thomas Weigel for their interest in this work and helpful discussions. We 
would also like to thank the referee for their comments and suggestions. 



2.1. The group of isometrics of the hyperbolic n-space Isom(EI") is isomorphic to the 
real Lie group PO(n, 1). The group of orientation preserving isometrics Isom+(H[") is 
isomorphic to the identity component H = PO(n, 1)°, which can be further identified with 
the matrix group SO(n, 1)°. The simply connected covering of H is the spinor group H = 
Spin(n, 1). Any orientable hyperbolic n-orbifold is a quotient EI"/r for some lattice F in 
H. We can consider the full inverse image F of F in //. A lattice in H can be identified with 
such an inverse image whenever it contains the center of H. 

Let f) be the Lie algebra of H (and H). Each Haar measure on H or H corresponds to 
a multilinear form of the highest degree on f). If ^ denotes a maximal compact subgroup 
of H with Lie algebra 6, then HI" can be identified with H/K. Furthermore, the tangent 
space of'E." = H/K at the point K can be identified with a specially chosen subspace p C P) 
such that [) = tQ)p. It is known [12, Ch. V, §2] that t © ip is the (real) Lie algebra of the 
groups Spin(n + 1) and SO{n + 1), and this gives a duality between H" and the n-sphere of 
curvature one. Thus for any Haar measure v on H there is a corresponding Haar measure 
on Spin(n + 1), which we will denote by v*. Moreover, we denote by the same symbol two 
Haar measures on H and H that correspond to a same multilinear form on f). We adopt the 
same convention for the measures on Spin(n, 1) and SO(n + 1). 

Let (0^ be the multilinear form on p corresponding to the left-invariant measure Vole 
and let co^ be the form on t normalized by (O*^ = 1 . Then the Haar measure /iji given by 
ft)'' A (U^ is such that for any lattice F in // we have: 



Note that if F contains the center of H, we have /i]n(///F) = /ijj(///F). By the duality we 
can also check that /i|[(SO(n + 1)) is equal to the usual volume of the unit n-sphere. 

In this article /i stands for the Haar measure on H normalized by /i*(Spin(n + 1)) = 
1. This is the normalization of the measure used by Prasad in [25]. Since the covering 
Spin(n + 1) -)-SO(n+l) is of degree two, we have /i*(SO(n + 1)) = 1/2. Hence using the 
formula for the volume of the unit n-sphere in R"+^ in the case of n odd, we get: 



2. Preliminaries on volumes and arithmetic subgroups 



Vo1h(H7F) 



(1) 



Me = 




This allows us to work with /i instead of VoIh. 
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2.2. Let G be an absolute simple, simply connected algebraic group defined over a num- 
ber field k. We denote by Vf (resp. Voo) the set of finite (resp. infinite) places of k. 
A collection ^ = (Py)y^Vf of parahoric subgroups P,, C G{ky) is called coherent if the 
product riveV/Pv is an open subgroup of the finite adele group G{Kf{k)) (we refer to 
e.g. [25, Sec. 0.5] for the definition of parahoric subgroups). In this case the intersection 

= G{k) nHyGV/Pv is called a principal arithmetic subgroup of G{k). Any subgroup 
of G(fc®QM) that is commensurable with some principal arithmetic subgroup is called an 
arithmetic subgroup. 

By the Bruhat-Tits theory, the conjugacy class (referred to as the type) of a parahoric 
subgroup Pv in G{k^) corresponds to a subset 0,, of a basis A,, of the affine root system of 
G{ky) . This way a principal arithmetic subgroup A determines a global type 

= n ^ n 

An algebraic group G as above will be called admissible if there exists a continuous 
surjective homomorphism ^ : G{k (8>q M) — )■ // whose kernel is compact. This implies 
that G is simply connected and there exists vq G K<. such that G(/:vo) — H and G{ky) is 
compact for all v G Vc<, \ {vq}. In particular, k has to be a totally real field. Given an 
arithmetic subgroup T C G(^ CSq IR) for some admissible group G defined over k, its image 
0(r) is a lattice in H. All subgroups of H which are commensurable with such 0(r) are 
called arithmetic subgroups of H defined over k. Arithmetic subgroups of H of the form 
0(A) for some principal arithmetic subgroup A of G will be called the principal arithmetic 
subgroups ofH. 

From now on G will always be an admissible group defined over k and of absolute rank 
r > 3, vo G Ko denotes the archimedean place at which G is isotropic, and Av (v G Vf) 
denotes a chosen basis of the affine root system of G{kv). 

2.3. The group G is of absolute type (where n = 2r—l) and we will often write D2,n or 
D2/n+i to distinguish between r even or odd. It follows from the classification of algebraic 
groups [30] and Godement's compactness criterion that G gives rise to cocompact lattices 
in H if and only ifk^Q (see [16, Sees. 1-2] for details). 

By the admissibility condition, G(^(8>Qffi) contains exactly one factor Spin(n, 1) and the 
rest of the factors, if any, are isomorphic to Spin(n + 1 ) . By the classification of semisimple 
algebraic groups (cf. [30, §3]) the group Spin(n, 1) (resp. Spin(n+ 1)) is an inner form 
exactly when the discriminant of the standard quadratic form of signature (n, 1) (resp. the 
standard positive definite form) has the same sign as the discriminant of the split form in 
n + 1 variables, which equals ( — 1)'^. For even r = 2m we conclude that Spin(n, 1) is outer. 
This forces G to be an outer form (of possible types ^D2m or the exceptional triality forms 
^'^D4). For odd r = 2m + 1 and k ^ Q the group G(fc®QM) must contain at least one 
compact factor Spin(n + 1), which is then an outer form. In this case again G is an outer 
form (of the only possible type ^D2,„+i). For the remaining case k = Q with odd rank, both 
types ^D2m+i and ^D2m+i are possible. 
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2.4. A certain field extension i\k attached to G will be used throughout the paper. For G 
of type different from ^D^, the field i is defined as the minimal extension of k such that G 
becomes an inner form over i. In particular, except for the type ^D4, we have [i : k] < 2. 
For G of type ^D^ we let £ to be a fixed extension of k of degree 3 which is contained in 
the minimal extension of k of degree 6 over which G is inner. For the types ^'^D4 we have 
[i : k] = 3. By abuse of language the field i will be called in this paper the splitting field of 



Let {si,S2) be the signature of the field i, i.e. si (resp. S2) is the number of real (resp. 
complex) places of i. In the following proposition we collect some useful information 
about this field. 

Proposition 2.5. Let G\kbe an admissible group of the absolute rank r and let d = [k:Q]. 
We suppose that G is an outer form. 

(1) Ifr = 2m + 1, then the signature of I is given by (^i , S2) = (2, J — 1 ). 

(2) Ifr = 2m and G is not of type ^'^D4 , then (51,52) = i^^d — 2, 1). 

(3) When k Q the field £ has at least one real place and the only roots of unity in £ 



Proof. The field £, except for the case ^D4, is the minimal splitting field of the quasi-split 
inner form of G. This implies that for v G Vco, if G is an inner form over ky, the field £ is a 
subfield of ky and hence for any place w of £ extending v the field £„ is real. If G is an outer 
form over ky the opposite holds: there must exist w\v for which (.^z is complex. The two 
first assertions now follow from the description of the type of Spin(n, 1) and Spin(n + 1) 
given in Section 2.3. 

If ^ 7^ Q and the type is different from ^'^D4, the previous consideration proves also that 
£ must have at least one real place. For the cases -^'^04 we have [£:k\=3 and then for each 
V G Voo we must have at least one real place w\v of £, since [£:k]= L>v|v[^w : ^v]- Thus in 
each of the cases £ has at least one real place, and hence the only roots of unity in £ are ± 1 . 
This proves the third assertion. □ 

2.6. The covolume of a principal arithmetic subgroup A C G(fcvo) — H corresponding to 
a coherent collection ^ = (Pv)veV/ can be computed using Prasad's volume formula [25, 
Theorem 3.7]. In our case Prasad's formula gives 



G. 



are ±1. 



(2) 



Ai(///A) = 




k 



) 



where £ is the field introduced in Section 2.4, denotes the absolute value of the dis- 
criminant of a number field K (in this paper we will call briefly the discriminant of 
K), = YlvfEVf ^v(Pv) is an Euler product of local factors which are determined by the 
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Structure of (Pv)veV/, and the constant C(r) is defined by 



2.7. The local factors e(Pv) can be computed using the Bruhat-Tits theory. An extensive 
account of its main concepts and results is given in [31]. 

Let ky be a nonarchimedean local field, its maximal unramified extension, and Py be a 
parahoric subgroup of G{kx). Following [25, Sec. 3.7], e(Pv) is given by the formula 

(dim Mr+dim3#„)/2 

g(p^,) = ^ _ , 

^ ' #Mv(fv) 

where is the degree of the residue field fv of k^, and Mv, are certain connected 
reductive fv-groups associated to G and its quasi-split inner form which are defined in [25, 
Sec. 2.2]. There exists a minimal finite (possibly empty) subset T C V/, such that for 
all V EVf\T, the group G is quasi-split over k^ and Pv is a hyperspecial (resp. special) 
parahoric subgroup if G splits over k^ (resp. does not split over k^). For v EVf\T the 
group M,, is isomorphic to over f^,. 

We assume till the end of Section 2.7 that G is not of type ^'^04. If G splits over ky 
and V EVf\T , then M,, ^ ^y is a connected semisimple fy-group of type ^D^ or ^D^ 
according with G being split or non- split over ky. If G does not split over ky and v G V/ \ T, 
then Mv ^ is of type B,_i. Hence for v G V/ \ T, we have (see [23, Table 1]): 

dim Mv = dim ^y = 2r^ — r, 
#My{fy)=q'i'-'\q'Tl)li{q''-l). 

if G splits over ky, the sign =1= being negative (resp. positive) if G\ky is inner (resp. outer); 
and 

dimMv = diml#v = 2(r- l)^ + r- 1, 

#Mv(fv)=^(^-i)'n(^''-i)' 

i=i 

if G does not split over ky. 

We can bring these cases together using the field £ defined in Section 2.4. Namely, 
assuming for a moment that T = 0, we obtain 

n ^^(Pv) = a(2)a(4)...a(2r-2)L,|,(r). 

veVf 
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Now, for each v e T we define a so-called lambda factor. 
Then 

(4) ^(^) = a(2)a(4)...a(2r-2)L,|,(r)nAv, 

moreover, by [25, Prop. 2.10], 

(=1 

where r,, is the ^y-rank of G. 

2.8. It is well known that every maximal arithmetic subgroup T of H = G(fcvo) is a nor- 
malizer A^// (A) of some principal arithmetic subgroup A (see e.g. [5, Prop. 1.4]). In [26] 
(see also [7]) Rohlfs gave a characterization of principal arithmetic subgroups whose nor- 
malizers are maximal by defining a notion of "^-maximality". Arithmetic subgroups of 
minimal covolume are necessarily maximal. In order to determine these subgroups we will 
first look at the principal arithmetic subgroups which respect Rohlfs' criterion and have 
small covolume (Section 3), and later on will consider their normalizers. 



3. Construction of Aq and Ai 

3.1. In this section we give a construction of the principal arithmetic subgroups Aq and 
Ai, whose normalizers define the minimal orbifolds from Theorems 1 and 2. These will 
be subgroups of admissible spinor groups Spin^r for some quadratic forms /. The group 
G = Spin^ needs to fulfill the admissibility condition of Section 2.2. This is precisely the 
case when / is defined over a totally real number field k, has signature (n, 1) at an infinite 
place vo of k and is anisotropic for all v G Ko \ {vq}. We call such / an admissible quadratic 
form. Arithmetic subgroups of such groups G are sometimes referred to as arithmetic 
lattices of the first type. Such a lattice is cocompact if and only ifkj^Q (see Section 2.3). 
All non-cocompact arithmetic subgroups are of the first type [16, Sees. 1-2], i.e. every 
admissible Q-group is of the form Spin^ for some admissible quadratic form / defined 
over Q. 

3.2. Let (V,/) be a 2r-dimensional quadratic space over a field k and let h be the two- 
dimensional isotropic quadratic space. Then G = Spin^ is quasi-split over k if and only if 
(V,/) ~ h'^^^ ©D for a two-dimensional space D, and G is split or not according to /) ~ h 
or not (see [4, §23.4] where the result is explained for SO/). 
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We remind that when kisa number field, quadratic forms of a given degree are classified 
by looking at every local extension ky of k (the Hasse-Minkowski theorem). Quadratic 
forms over non-archimedean extensions are classified by the discriminant (denoted by 5) 
and the Hasse symbol. We refer to O'Meara's monograph [22] for the facts about quadratic 
forms. By the Hasse symbol we mean the normalization of the Hasse invariant which is 
used in this book. 

The group G = Spin^^ over a non-archimedean local field k^ has the following structure: 

(1) G is a split inner form if and only if 5{f) is equal to 8{W') = (—1)'' up to an element 
of (^v)^. In this case G is split exactly when / has the same Hasse symbol as h''. 

(2) For other values of 5{f),G is quasi-split but non-split and 5{f) E k* / (k*)^ determines 
uniquely the ^v-isomorphism class of G. 

3.3. Recall that in odd hyperbolic dimension, besides the construction based on quadratic 
forms, there exist (cocompact) arithmetic lattices defined by skew-hermitian forms over 
division quaternion algebras (see [16, Sec. 2] for the details of this construction). More- 
over, Cayley algebras produce examples of arithmetic subgroups related to triality forms 
^'^D4. If we exclude this latter case (which concerns only the hyperbolic dimension seven), 
we can use the language of algebras with involution to unify the description of admissible 
groups (we refer to [11] for the notions related to this subject). Namely, all non-trialitarian 
fc-groups which are admissible in the sense of Section 2.2 have (up to /^-isomorphism) 
the form Spin(A,a), where A is a central simple algebra and o is an orthogonal involu- 
tion. More precisely, A is of the form End/;(M) for a quaternion algebra R over k and an 
7?-module M. If the admissible group is defined by a skew-hermitian form h, then R corre- 
sponds to the division algebra over which h is defined [11, Theorem 4.2] . On the other hand, 
the algebra R splits, i.e. R ~ Endk{k^), exactly when A has the form Endyt(V) for a qua- 
dratic space (V,/) with o being the associated adjoint involution. In this case Spin(A,c7) 
naturally identifies with the ^-group Spin^^. The following result can be considered as a 
variation on the Hasse-Minkowski theorem. 

Lemma 3.4. Let G be an admissible k-group of type dijferent from ^'^D^. Suppose that for 
each place v G Voo U V/, G is ky-isomorphic to some group Spin of a quadratic form over ky. 
Then G is k-isomorphic to Spin^ /or some quadratic form f over k. 

Proof. By Section 3.3, the group G has the form Spin(Endji;(M), a) for some quaternion 
algebra R over k. By the hypothesis R splits over each completion ky of the field k. This 
implies that R splits already over k [17, Theorem 2.7.2]. So G has the form Spiny^ for some 
quadratic form /. □ 

3.5. Let us now construct an admissible group Go which will give rise to a cocompact 
arithmetic subgroup of small covolume. In this case we have to consider real number fields 
k different from Q. To get small covolume, by Section 2.6, we need to consider fields k 
and £ whose discriminants have small absolute values. The smallest possible value for S^k 
is attained for k = kQ = Q[a/5]. The smallest discriminant of a field £ which satisfies the 
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conditions of Proposition 2.5 is = 275. It corresponds to a quartic field with a defining 
polynomial —x^ + 2x—l. This pair (^o, ^o) comes out, for example, with the following 
quadratic form: 

/o(xo,...,x„)= (^{-lY-3-2Vfjxl +xl + ■■■ +xf,. 

Proposition 3.6. The group Go = Spiny|^ is quasi-split at every finite place v G Vf. It is the 

unique admissible group attached to (kQ.lo) which respects this property. 

Proof. The ideal of i^^,, generated by ( — l)''5(/o) is prime. It corresponds to the unique 
finite place Vr of kQ at which the extension £o|^o ramifies. At this ramified place Gq cannot 
be inner, and from Section 3.2 it follows that it has to be quasi-split. Let V2 be the finite 
place of liQ corresponding to the prime ideal generated by 2. Then for every finite place 
V different from V2 and Vr the fact that the discriminant 5(/o) is a unit at v implies that 
the Hasse invariant is trivial and thus Go is quasi-split over ky. For the remaining place V2 
one can check that the equations x^ = ±5(/o) have no solution modulo (8) in the ring of 
integers of ko, proving that ±5(/o) cannot be squares in the local field (fco)v2- Hence by 
Section 3.2, Go is quasi-split over (fco)v2 well. 

To prove the uniqueness result we first note that a quasi-split group of type ^D^ or ^D,- 
is necessarily given by a quadratic form (see [11, Example 27.10]). Since admissibility 
implies that the group is also defined by quadratic forms over the archimedean completions 
(namely, by the forms of signature («, 1) and (« + 1,0)), we can apply Lemma 3.4 to deduce 
that an admissible group respecting the property stated for the group Go in the proposition 
must be of the type Spin^, for some quadratic form / defined over kQ. Specifying that 
Spiny^ has the same splitting field £o as the group Go implies that Spin^^ ^ Go over each 
completion of kQ. By the Hasse-Minkowski theorem we conclude that such a group Spin^ 
is ^o-isomorphic to Go. □ 

3.7. In order to construct a principal arithmetic subgroup of small covolume we need to 
consider parahoric subgroups of the maximal volume. When G is quasi-split over kv and 
splits over its maximal unramified extension there exist hyperspecial parahoric subgroups 
in G(^v) and those are of the maximal volume. If G does not respect these hypothesis, the 
parahoric subgroups of maximal volume are the special ones (see [31, Sec. 3.8.2]). 

Proposition 3.6 implies the existence of a coherent collection ^ of parahoric subgroups 
Pv C Go{ky) which are hyperspecial for every place vofk = ko unramified in Iq and special 
(but not hyperspecial) for the unique ramified place Vr corresponding to the ideal (3 — 
(— l)'^2v^). Let us denote by Aq the principal arithmetic subgroup attached to Then 
by Sections 2.6 and 2.7 its covolume is given by: 

(6) Ai(^/Ao) = 5''-'-/2ir-i/2 C(r)2 ^^(2)^(4) ■ ■ ■ a(2r -2)L,|,(r) . 

^ v ' 

(*) 
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Similarly to the way it was done in [2, proof of Thm. 4.1, p. 760], we can show that the 
product (*) is bounded by 2. Hence we get 

(7) ^{H/Ao) < 2 ■ 5''-'/^ ir-i/^ c{rf . 

For small r we will use a better estimate for the product (*): We can check using Pari/GP 
(which can compute such an expression up to a given precision) that this product is bounded 
by 1.17 when r < 16. Thus for these r we have a better bound: 

(8) iU(///Ao) < 1.17 ■ 5'''-''/^ \V-^I^ C(r)2 . 
These bounds will be used in the proof of Theorem 1 in Sections 7 and 8. 

3.8. Now let us consider the non-compact case. It corresponds to = Q. In contrary to the 
preceding discussion here we have to distinguish some cases according to the dimension 
n = 1r—\. 

First consider r even. By Section 2.3, the field £ is a non-trivial extension of Q, and by 
Proposition 2.5 we see that i must be a quadratic imaginary field. Among these fields the 
smallest discriminant is attained for £i = Q[-v/— 3]. Let us take 

/i(jco, . . . ,Jc„) = -3jco +4 H hJc,^. 

For odd r spinor groups of inner type come out. Here we can take 

/i(;co, . . . ,JC,0 = -x\ H Vx\. 

With the quadratic form f\ defined this way (depending on r) and Gi = Spin^^, the "non- 
compact" analogue of Proposition 3.6 is given by the following proposition. 

Proposition 3.9. 

(1) If r is even, G\ is quasi-split at every finite place. It is the unique admissible Q- 
group with the splitting field Q[\/— 3] which has this property. 

(2) For r = 2m+ 1 odd, Gi is the unique admissible Q-group of type ^D,. which respects 
the conditions: 

(a) if mis even, Gi is split over Qpfor every prime p; 

(b) ifm is odd, Gi is split over Qpfor every prime p ^1 and Gi IQ2 is a split inner 
form but non-split. 

Proof. Since the admissible Q-groups are all of the form Spin^^, in all the cases the unique- 
ness statement follows from the Hasse-Minkowski theorem in a similar way as in the proof 
of Proposition 3.6. It remains to prove the specific properties of Gi. 

When r is even the situation is entirely similar to that in Proposition 3.6: the Hasse 
invariant ensures that Gi is quasi-split at primes p 7^ 2,3, and as ^i|Q is ramified at 3, Gi 
is also quasi-split over Q3. The equation = —3 has no solutions in Q2 therefore Gi is 
quasi-split over Q2 as well. 

For r odd, Gi is inner at every place of Q. The Hasse invariant is trivial at each prime 
p^2. Computing the Hasse invariant of /i and h'' over Q2 leads to the different results for 
m even or odd, which give the second part of the proposition. □ 
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This proposition implies the existence of a coherent collection ^ of parahoric subgroups 
P,, which are all hyperspecial except for at most one place v = (p) of Q, where we choose 
Py to be special. For r even this exception is attached to the prime p = 3 which is ramified 
in ii. For r = 2m +1: if m is odd, P,, is not hyperspecial for v = (2), whereas for m even 
all parahoric subgroups can be chosen to be hyperspecial. 

Let Ai be the principal arithmetic subgroup of H determined by In Table 1 we list 
the covolumes of Ai for the different cases. Note that in the last case the value of A(2) (see 



r 


splitting field £ 


Ai(///Ai) 


r even 


Q[v^] 


3-1/2 C(r)C(2)C(4)---C(2r-2)L,|Q(r) 


r = 1 mod 4 


Q 


C(r)C(2)C(4)---C(2r-2)C(r) 


r = 3 mod 4 


Q 


A(2)C(r)C(2)C(4)---C(2r-2)C(r) 



Table 1 . Covolume of Ai 



Section 2.7) is non-trivial. It can be computed using the description of the reductive group 
M(2) attached to the special parahoric subgroup P(2). This description is obtained from the 
local index of G(Q2), which according to Tits [31, Sec. 4.3] is 2d'^ (resp. 2 A3 for r = 3). 
More generally, we can compute that if G{Qp) is of this local type, then the lambda factor 
coming from a special parahoric subgroup is given by: 

(9) hp) - ^ijri ■ 

3.10. Using Prasad's volume formula it can be shown without too much effort that Aq 
(resp. Ai) is of minimal covolume in the class of principal cocompact (resp. non-cocom- 
pact) arithmetic subgroups of H. However, these groups are not necessarily maximal arith- 
metic subgroups of H. Their normalizers 

To -Nh (Ao) and H :=A^^(Ai) 

are maximal (see Section 2.8) and they will turn out to be the hyperbolic arithmetic lattices 
of minimal covolume. In the next section we will explain how the computation of the index 
[Nh{A) : A] (with a principal arithmetic subgroup A) can be carried out. General estimates 
obtained there are used in the proofs of Theorems 1 and 2. In Section 5 we deal specifically 
with the computation of [Tq : Aq] and [Fi : Ai]. 

4. Estimating the index [F : A] 

We use the notation of Section 2. In particular, G is an admissible group defined over 
a totally real number field k and A denotes a principal arithmetic subgroup of H — G(/:vo) 
with a normalizer F. 



ON VOLUMES OF ARITHMETIC QUOTIENTS OF PO(/i, 1)°, n ODD 13 

4.1. Let C be the center of G and G be the adjoint group. We have an exact sequence of 
^-isogenics: 

1 ^C^G Ag^ 1. 
This induces an exact sequence in Galois cohomology (see [24, Sec. 2.2.3]): 

(10) G{K)^G{K)Ali\K,C)^li\K,G), 

valid for every field extension K\k. 

The group G is simply connected hence for each v G V/ we have (fc,,, G) = 1 (see [24, 
Theorem 6.4]). The group G{ky) acts by conjugation on the set of parahoric subgroups and 
the action of ^{G{ky)) is trivial, hence this induces a homomorphism 

^v:Hi(/:v,C)^Aut(A„). 

The image of is denoted by Ey, and we can define the map 

^Hi(fc,C)^0S, 

veVf 

as a product of all (restricted to (k, C)). This material is explained in more detail in [5, 
Sec. 2]. 

4.2. Given £ < (fc, C) , we denote by its subgroup which acts trivially on each Ay and 
by Eq the subgroup which stabilizes the type = YlveVf attached to A as in Section 2.2. 
We have 

(11) #Ee<#E^ n#^0..' 

veVf 

where Sg^, is the subgroup of Zy stabilizing 6y. 

Now by [26], [5, Prop. 2.9], we have an exact sequence 

(12) 1 ^ C{ky^)/ {C{k) n A) ^ r/A ^ 5(G(fc))'0 ^ 1, 
where 

d{G{k)y = 5(G(fc))n(5o<^)(G(fcvo)), and 
d{G{k)ye = 6{G{k)ynu\KC)e. 

In our case A, being a principal arithmetic subgroup of G{k), contains the center C{k). 
Also, C(fcvo) = {il} and using the description of C in Section 4.4 we can check that 
if G is not of type ^'^D4, then C{k) = C(fcvo)- This implies that for these types F/A ~ 
5{G{k)yQ. For G of type ^'604 we have C{k) = 1 and the quotient F/A is a Z/2Z-exten- 
sion of 5(G(fc))0. 
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4.3. In [5, Sec. 3] a principal arithmetic subgroup A"^ commensurable with A is chosen 
in such a way that the generalized index of A in A*" respects the following inequality: 

(13) lA-A] = |A-A"nA]^„ 

We let 0*" = (0,7*) be the global type of the principal subgroup A'". By the construction 
in [5], the types 9"^ are all special which implies that for every v G V/- we have Sgm = 1. 
It follows that 5(G(/:))gm = d{G{k))'^. As this value depends only on the group G, we 
conclude that the covolume of the normalizer = Nh{A^) depends only on G. 
Now we have 



M(///r) 



TTaT" ^] ' 



By (13), it gives 

(14) MH/r) > ^i|^n#s... 



veVf 



From the other hand, by (1 1) and (12), 

(15) [r:A] < [r'^iAH n#^0..- 

veVf 

Combining inequalities (14) and (15) we obtain 

M(^/r) > p^fiH/A-^)=^{H/r^). 

This means that F'" is of the smallest covolume among the arithmetic subgroups attached 
to G. Its covolume depends on #5(G(fc))'^ and we will now focus on the computation of 
this order. 

In the rest of the article we will write A = A"^ to indicate that A is commensurable with 
A"^ and has a similar local structure, i.e., 0™ is in the G(A/^)-orbit of (cf. Section 6.1). 
Similarly, the notation F"^ = F will be used for their normalizers. The equality is an abuse 
of notation. However, it is clear that in this case F (resp. A) has the same covolume as F"^ 
(resp. A"^). 

4.4. We remind here the description of the center C from [24, Table on p. 332] . Let n = 4, 
£ = 1 if G is of absolute type D2m+i, and n = 2, £ = 2, otherwise. The inner form of type 
^D^ has as its center the group ji^ of order n^. For the type ^D2m the center C is isomorphic 
to R£|^(jU2), where R^i^ denotes the restriction of scalars relative to the field extension l\k 
defined in Section 2.4. In the remaining cases (^D2m+i and -^'^04) the center is isomorphic 
to the kernel R^|'^^^(/in) of the norm map A^^|^ : R£|^(/in) lin- Here we have the following 
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exact sequence: 

(16) 1 ^Rj[^(/in) ^R^|fc(Ain)^'Ain^ 1- 

4.5. From Section 4.4 we can deduce a description of {k, C) for the admissible groups. 
For the type ^T)2m+i, we have C = ^4 and {k, C) = k*/{k*)^. If G is of type ^Djm, then 
H^(^,C) = H^(fc,R(;|^(/i2)) = t / Dealing with the remaining cases requires consid- 
ering the cohomological exact sequence associated to (16), which gives us the following 
exact sequence: 

(17) 1 ^jUn(^)/iV£|;t(MnW) ^Hi(fc,c) ^ker (^r/(r)'^'5.'r/(r)"^ 1. 

By Proposition 2.5(iii), the n-roots of unity in k and £ are ±1 with the only possible excep- 
tion when k = Q and i = Q[\/—l]. Therefore, the second group in (17) is {±1} if G is of 
type ^D2„,+i and is trivial for ^'^04. 

In all the cases we can define the image of {k, C) in the group i* / (£*)" (for the inner 
types we have i = k). To describe this image we set L = in the cases ^D2,„ and *D2,n+i, 
and L = |jc G I Ni^i^{x) E (^*)"} in the remaining cases ^D2m+i and ^'^04. Then, except 
for the case ^D2m+i, L/(£*)" is an isomorphic image of H^(fc,C). In the case ^D2ra+i, 

{k, C) is a Z/2Z-extension of L/(£*)". 

4.6. Let A = d{G{k)y and let A < L be such that the image of A in L/(£*)" is equal to 
A / (£*)". In order to describe the group A we need to solve two problems: the first is related 
to understanding the image of G{k) and the second is considering the image of G(fcvo) (see 
Section 4.2). Both of these images can be described by looking at the archimedean places. 

To begin with, let us consider the whole image of 5 : G{k) — t- {k, C). By (10) it is equal 
to ker(H^ (fc, C) — (fc, G) ) . The Hasse principle for G implies that (k, G) is isomorphic 
to YlveVoo^^ i^v,G) [24, Theorem 6.6]. Therefore, 

(18) 5(G{k)) =kev{ll\k,C) ^Uvev^a'ikv.G)) . 

Now let us restrict our attention to the group A, which means that we have to add the 
condition that the elements are in the image of G (/:,,()) under the map 5o^. Using (10) with 
K = ky^, we see that these elements are exactly those which are trivial in }i^{kvQ,C). For 
the other infinite places v j^vq the group G{ky) ~ Spin(n + 1) maps surjectively onto G{kv) 
and therefore ker(Hi(yt,„C) U^{ky,G)) = 1. Thus from (18) we get: 

(19) A = ker {h' {k, C) ^ UrevX {kv, C)) . 

Let us write Voo = {vq, vi, . . . } for the infinite places of k. Suppose that G is not of 
type ^'^D4. Then the tensor product iy. = i.® ky. is isomorphic to M if £ = and isomorphic 
either to C or M © R according to the type of G over ky. when (.\kh a quadratic extension. 
In the latter case, let us write a, and cr/ for the two real embeddings of £ extending the place 
V/. In particular, for x E the notation x'^' > or .x:'^^ > will make sense. 
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Proposition 4.7. We have the following description of A: 

(1) For kj^Qwe have A A/ (i*)^, and, in particular, 

(a) ifG is of type ^D2,„+i, A = G L | jc^o > 0} ; 

(b) ifG is of type ^D2,n, A=i^xet\ x'^.x'"'' > VzV o}- 

(2) Fork = Q: 

(a) ifG is of type ^D2„,+i, A = G Q* | ;c> 0} and A ~ A/(Q*)4; 

(b) ifG is of type ^D2m+u ^ is a 'L/2'L- extension of X/ where 
A = {;c G L I jc^o > 0} ; 

(c) ifG is of type ^Djm, A = t andAc^ A/{tf. 

Proof By (19), an element of {k, C) is in A if and only if its image in (fc,-, C) is trivial 
for every v G Ko. The group H^(/c,C) is described in terms of the field I and the mapping 
H^(/r, C) — W^{ky,C) can be understood when considering the inclusion (. — )■ Let us 
begin with the type ^Djm+i- In this case £vo — K©1R and £v/ — C for i ^ 0. The exact 
sequence (17) takes the following form over vq, resp. v,-: 

(20) 1 ^ 1 ^ h1(^„C) ^ {(M >o)^, (IR<o)^} 1; 

(21) 1 ^ {±1} ^ W%,,,C) 1^1. 

Here (M>o)^ and (M<o)^ are meant as the elements of - (^*/^>o)^- lik^Q, 

there exists a place v,- ^ vq and hence by (21) the Z/2Z-extension is killed. By (20), an 
element x G A must respect: x^^^x^o > 0. But since the norm of x must be positive (to be 
in L), x^" > implies positivity of x^o. These facts together give us (la) and (2b). 

For the type ^D2m+i (arising only when k = Q, so = {vq} ), we have li^{kyQ,C) = 
h1(]R,jU4) ~ M*/(M*)2. An element x e Q* has then trivial image in H^(fcvo,C) exactly 
when X is positive. This proves (2a). In the case ^D2m, the group G becomes inner over 
fcv,), which means that — C. Then H^(fcvQ,C) is trivial and the condition at vq is empty. 
Hence for = Q we get (2c). For k^Qwe need to include the conditions at Vi for i j^O. 
As ll\ky,,C) - (M7M>o)2, this gives (lb). □ 

4.8. We need to fix some more notations. Let Ti denote the set of places v EVf such 
that if G is of inner type over ky, it does not split, and if it is of outer type then it is not 
quasi-split over ky but splits over its maximal unramified extension ky. In the latter case let 
R be the subset of Vf \ Ti such that G does not split over ky, which can be also described as 
the set of places of k which are ramified in i/k. We have Ti C T, where T is defined as in 
Section 2.7 for some principal arithmetic subgroup A of G. 

Let 5 be a subset of Vf. For the subgroup A of i* we denote by A:^ its subgroup which 
consists of the elements x such that v{x) G nZ for every normalized nonarchimedean valua- 
tion vofi which is not above some place from 5. If 5 = we simply write An. We introduce 
a refinement of the notation from Section 4.2: for the finite subset S cVfwe denote by ^ 
the subgroup of A which acts trivially on Ay for every v ^ S. Clearly, = A^ . 
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4.9. By Sections 4.2-4.3 the index [F : A] depends on the order of . We can bound this 
order using results of [5]. For v ^ S = RUTi, an element of A acts trivially on Ay if and 
only if its image x in A has v{x) G nZ for every normalized valuation v of i extending v 
[5, Lemma 2.3 and Prop. 2.7]. This implies that the image of A^ g in A/(£*)" is given 
by A^/{i*)^. Therefore, we can describe the relation between A^ and A,i/(£*)" by the 
following diagram: 

q 



The integers q and q' stand for the indices of the vertical inclusions. The order of the kernel 
of the horizontal map is denoted by q. By Proposition 4.7, q is equal to 1 with the only 
exception of the type ^D2m+i with = Q, where q = 2.1i is possible to compute the order 
of An/ (£*) using the approach which we will explain in Section 4.1 1. The indices q and q' 
are difficult to evaluate precisely (in particular, for this we would need a counterpart of [5, 
Prop. 2.7] for v G S). However, it is possible to bound their values: 

Proposition 4.10. The indices q and q' satisfy 

(1) (a) q < 4*^1, ifG is of absolute type D2m+u 
(b) q < 2*^4*^1, ifG is of type ^Dz™ or ^-^04. 

(2) q' is a factor ofUveS^^v- 

Proof. The proof of the first assertion uses the same arguments as in [5, Sec. 5], where 
the authors consider the whole H^(fc, C) instead of our group A. More precisely, for the 
inner type ^D2„,+i we obtain the bound using the argument of [5, Sec. 5.1]. For the other 
cases we use the same idea as in the proof of Lemma 5.4 from [5]. The second assertion is 
obvious since 5 is mapped into YlveS with the kernel A^. □ 

4. 1 1 . We denote by U(> the group of units of the ring of integers of i and let U\ = AnUf. 
The symbol ^( stands for the principal fractional ideal group of i, denotes the class 
group and its order (the class number) is denoted by h^. The exact sequence (1) in the 
proof of [5, Prop. 0.12] can be adapted to our setting by replacing i* by A. This gives an 
exact sequence: 

1 ^f/A^A^ ^A-> 1, 

where is a certain subgroup of In all cases we have C A, so that we can take 
this sequence modulo Then, following the same line of argument as in the above 

mentioned proof, we get an exact sequence: 

(22) 1 ^ V^lVf ^ An/(r )" ^ <^A ^ 1, 

where is a subgroup of (it can be described explicitly, however, we do not need it 
here). 
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Proposition 4.12. The index of A — A*" in its normalizer T is bounded by the following 
value: 

(1) Forky^Q: 

(a) IfG is of type ^D2^+i, [T : A] < I'^+H^^^hf, 

(b) IfG is of type ^Dj™, [F : A] < 2^''~^2*H*'^^hf, 

(c) IfG is of type ^^^D^, [T : A] < l^'^+^l^H^'^^hg. 

(2) Fork = Q: 

(a) IfG is of type ^Dz^+i, [F : A] < 4*^' ; 

(b) IfG is of type ^Dj^+i, [F : A] < 8 ■ 4#^>/z^; 

(c) IfG is of type ^Dj,,,, [F : A] < 4 ■ 2*^4*^i/z^ 

Proof Let us deal with the first case. Here we have [F : A] = #A^. Proposition 4.10 and 
the exact sequence (22) allow us to bound the order of by 4*^' • h(> ■ #{U\/Uf). By 
Dirichlet's units theorem, U( is a semi-direct product of = {±1} and Z"^ (where d + l 
is the number of infinite places of i, as given in Proposition 2.5). Now we use U\ C L^l and 
the fact that the norm map A^^|^ covers (taking ;c as a preimage of x^) to get the following 
bound: 

Finally, restricting our attention to U\ instead of Uj^, the description of A in Proposition 4.7 
implies that we have to consider only positive elements in Ui^, and so we divide the bound 
by 2. This gives us (la). The statement (2b) is obtained by the same argument with d = I, 
the only difference comes from the value of q' (2 instead of 1 when ^ = Q). 

The remaining cases use only the bound for q in Proposition 4.10, the bound for Ug/Uf 
provided by Dirichlet's units theorem and Proposition 2.5. Note that for triality forms we 
must keep in mind that the index [F : A] is twice the order of . □ 

4.13. Let us point out that in the proof of Prop. 1.3 [2, Add.] it should be written Im(5)0 
instead of Im(5) everywhere, moreover, in a half of the cases there one has to consider 
more carefully the set T of places over which the group is non-split. This, however, does 
not change the result. 

5. Computation of indices [Fq : Aq] and [Fi : Ai] 

In this section we compute the indices [Fq : Aq] and [Fi : Ai]. The subgroups involved 
were defined in Section 3. The computation is based on the material of Section 4. Sim- 
ilar kind of arguments have been used in [19], where the authors study groups which act 
transitively on vertices of Bruhat-Tits buildings. 



5.1. Let = /to = Q[ V 5] be the field of definition of Aq and let £ = iohe. the splitting field 
attached to Aq. We have ^£ — — 275. By construction, the associated group G is of 
type and we have Aq = A^ which implies that [Fq : Aq] = . By Proposition 4.7, the 
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group A is isomorphic to A/(£*)" and has two different descriptions according to the parity 
of the rank. Furthermore, as in our case hf= I the exact sequence (22) shows that 

(23) [ro:Ao] = 4#(^A/f//), 

where q and q' are the integers defined in Section 4.9. 

The two real embeddings of £ correspond to the two /:-isomorphisms of A:[A/a] with 
a = 3 + 2^/5. These real embeddings appear over the place vq in odd rank (i.e., in this case 
i^,^ = M © M) and over the place vi in even rank (i.e., here £y^ = M © M). The field k[y/a\ 
has two fundamental units given by 

l + ^/a 1 -^/a 

We can identify the group U^/Ul with the representative set 

[±T\Ti |0</,j<n-l}. 

The elements which are in U\/U^ are then (cf. Proposition 4.7) 

l,T^Tf,-TiT|,-TfT2 whenr = 2m+l; 
1 7 — '^1 ^2 when r = 2m. 

Hence: 

4 incaseD2„7+i, 



(24) #{Ua/UI) 



2 in case D2m- 



5.2. We now explain how to determine the values of q and q'. We will make use of the fact 
stated in [3 1 , Sec. 2.5] that for the ramified place Vr (defined in the proof of Proposition 3.6) 
we have #2,,^ = 2, i.e., Ey^ is the whole symmetry group of the local Dynkin diagram A,,,, of 
the form 

..=(=^ 

Moreover, we recall that the group Go defining Aq is such that Ti = 0. 

Let us first assume that r = 2m. In this case Tiy/a G A represents an element of A^^ 
which is clearly not in A2/ (£*)^. This implies that q = 2. Moreover, using Hensel's Lemma 
to detect congruences modulo square in . we can check that — T1T2 is another element 
of A^^ which is mapped to a non-trivial element of (^vr, C) = £IJ {iyj^. But since this 
latter group has order 4 (see [15, Ch. II, Prop. 6]), A^^ must map surjectively onto it. In 
particular, A^ ^ acts non-trivially on A,,^ and we get q' = 2. By Section 5.1 this implies that 
[To : Ao] = 2.' 

For r = 2m + 1 by Proposition 4.10 we have q = \ . To see that A^^ acts effectively on 
Avj. here we cannot use directly the same argument as for the case r = 2m. Indeed, A^^ 
cannot be mapped onto }i^{ky^,C) since (contrary to the group A) it is an extension by 
jU4(^vr)/^^|A:(M4(^vr)) = {±1} of thc kcmel of the norm map (compare with (17)). But we 
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can check that this subgroup {±1} < }i^{ky^.,C) acts trivially on Ay^. For this we consider 
the element (z, i) G H^ik) x ^^(k) ~ Ri'|yt(M4) (k) ■ We have Ni^i^{{i, i)) = f = — I and hence 
from the exact sequence (16) we see (cf. [24, Sec. 1.3.2]) that —1 is mapped to the cocycle 
a e H^(^,C) given by: 



o e Gal(^l^) t-)- aa 



-1 if a(z) = -z, 
1 otherwise. 



We can check that this cocycle class is represented by a h-)- ^ff ^ G C, with g G Spin^-j 
constructed as follows: 



g = ixy- ixy, 

for two isotropic vectors G (V, /o) such that /o(jc +y) = 1/2. We recall here that Spin^-^ 
is the subgroup of the Clifford group which consists of the elements of norm one which give 
special orthogonal transformations of (V,/o) (see [29, Ch. 9, §3]). A direct computation 
shows that the image of g in the group SO/q is given by the matrix diag(— 1, — 1, 1, . . . , 1), 
with x,y as the first vectors of the basis completed by orthogonal elements. Therefore, 
we see that the image (^{g) (see Section 4.1) is in the compact part of any torus of G(fcvi ) 
containing it, which means that the cocycle a acts trivially on Av^. (see [31, Sec. 2.5]). This 
proves that — 1 G /i4(fcvj is trivial in S,,;.. Similarly to the case r = 2m we can then check 
that ^ is mapped onto ker {i*,Jii*X -> KJiKX) ■ This shows that q' = 2, so that for 
all ranks we have: 



(25) [To : Ao] 



5.3. Now consider the group Fi which is constructed using the group Gi defined over Q. 
As in the cocompact case we have Ai = A^. Let first r = 2m + 1. Then Gi is of inner 
type ^D2m+i and by Proposition 4.7 and Section 4.11 we have A4/(Q*)'^ = 1. Now by 
Proposition 3.9, the set T\ is empty if m is even, and it follows immediately in this case 
that q = q' = I. If m is odd, T\ consists of a single place (2). The elements 2,4, 8 G Q* 
are three non-trivial elements of A which determine different elements of A^ j^ which are 
not in A4/(Q*)^. This allows us to see that q = A. To compute q' we need to identify 
2 G Q2/(Q2)* with an element of G(Q2). For this consider a basis x\,y\,...,Xr,yr of 
(V|Q2,/i) which satisfies the following conditions: 

(1) for j = 1, . . . , r — 2, xy and y^ are isotropic vectors with f\{xj+yj) = 1/2; 

(2) for j = r—l and j = r, xj and yj are chosen orthonormal. 
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Such a choice of the basis is possible according to the structure of the space (V,/i) over 
Q2 (cf. Proposition 3.9). With respect to this basis the matrix 



/ 



1 

7! 



2 
1 



2 
1 



1 1 
-1 1 



V 



1 1 

-1 1 / 



gives an element g of G(Q2) which is contained in the centralizer Z of a maximal split 
torus. A preimage g E Spin^^^ of g under ^ is given by: 



2 + V2 
4 



sponds exactly to the element 2 G Q2/ W2 
notation in [31, Sec. 2.5]) and so 2 G 



*\4 



A direct computation shows that the cocycle a G H^(Q2,C) given by aa = ^gg ^ corre- 

H^(Q2,C). We check that g ^ Z^Z, (see 
),C) acts non-trivially on A(2). Since this lo- 
cal Dynkin diagram has only one non-trivial symmetry, this implies c/ = 2 (in case when 
r = 2m + 1 with m odd). 

For r = 2m the type of Gi is ^D2,„ and the splitting field i = ii is the field Q[V— 3]. We 
have h( = 1. By Proposition 4.7, A = i*. By Section 4.11, we obtain A2/{i*)^ = {±1}. 
Again we can compute the value of q: the element represents a non-trivial element 
of A^^ which is not in A2/(^*)^, hence q = 2. Since ±l,±v^^ are the four elements 

Hi( 



'(3) 

--2. 



^3,0), we see that — t- Ef^^) onto. This implies that 



composmg 

q' = #S(3) = 

Similar to Section 5.1, we have [Fi : Ai] = {q/q') ■ # {Ux/Uf) , where now Ux/Uf has 
order 2 if r is even and is trivial when r is odd. Hence from the above considerations we 
get: 



(26) 



[ri : Ai] 



1 if r = 2m + 1 with m even, 

2 otherwise. 
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6. Uniqueness of Tq and Ti 

The uniqueness part of Proposition 3.6 (resp. Proposition 3.9) implies that any principal 
arithmetic subgroup of H which has the same global type as Aq (resp. Ai) must be com- 
mensurable with this latter group. More precisely, it shows that in each case there exists a 
uniquely determined group G/k and a collection of parahoric subgroups (Pv)veV/, defined 
up to local conjugations, which are associated to our group A,-. In this section we will show 
that this defines A,- uniquely up to conjugation by the elements from G{k). 

6.1. Let ^ = (Pv)veVy and = (P(,)vgV/ be two coherent collections of parahoric sub- 
groups of G such that for all v G Vf, F[, is conjugate to Py under an element of G{ky). For 
all but finitely many v, Py = P(, and they are hyperspecial, hence there exists an element 
g E G{Af) such that is conjugate to ^ under g. Let P = HveV/Pv be the stabilizer of 
^ in G(A/). The number of distinct G(fc)-conjugacy classes of coherent collections 
as above is the cardinality c(P) of ^(P) = G{k)\G{Af) /P, which is called the class group 
of G relative to P. The class number c(P) is known to be finite (see e.g. [5, Prop. 3.9]). We 
need to compute its value for the groups constructed in Section 3. 

We first consider a more general setup and then apply the results to our groups. Recall 
two isomorphisms (see [24, Prop. 8.8], a minor modification is needed in order to adjust 
the statement to our setting but the argument remains the same): 

G(/t)\G(A/)/P ~ G(A/)/G(A:)-P; 
G(A^)/G(;t)-P ~ 5A,(G(A^))/5A,(G(;t)-P), 

where is the restriction of the product map G{ky) RyH^ [ky, C) to the finite adele 
group G{Kf). 

For every finite place v, ll^{ky,G) is trivial (see [24, Theorem 6.4]) hence 5y : G(fcv) — ^ 
H^(fcv,C) is surjective. Thus the image of 5^^{G{Kf)) can be identified with the restricted 
direct product n'H^(fcv,C) with respect to the subgroups 5v(Pv). Also, 5p^^{G{k)) identifies 
with the image of 5{G{k)) under the natural map i// : H^(^,C) — > ]l'H^(fcv,C). Hence we 
have an isomorphism 

(27) 8Kj{G{Kf))/dKf{G{k)-V) ~ n'Hi(fc„,C)/((v/o5)(G(;t))-nv5v(Pv)). 

We can summarize the result as follows: 
Proposition 6.2. We have ^(P) ~ 11' {k,,, C) / ((i/ao 5)(G{k)) ■ n„ 5v(Pv)) • 

6.3. To apply this proposition to our groups we will describe ]^'H'(/:v,C) and its quo- 
tient using idele groups (see e.g. [15, Ch. VII, §3] for more about ideles). We first con- 
sider the case when G is not of type ^T)2m+\- Then H^(fcv,C) is canonically isomorphic 
to (£(8)ytfcv)*/(^®yt^v)*"- Now, the group 5v(Pv) corresponds to the kernel H^(A:v,C)^^, and 
by [5, Lemma 2.3 and Prop. 2.7] (see also Section 4.9), for all but a finite number of 
places (namely, V/ \ (Ti Ui?)) this kernel is given by the elements having representatives 
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in riwIvOw C (i^ky)*, where o*, is the group of integer units in £w This shows that the 
restricted direct product n'H^(fcv,C) is isomorphic to Jf{£)/Jf{i)^, where Jf{i) denotes 
the group of finite ideles of i. We shall denote by Jp/Jf{i)^ its subgroup corresponding to 
the product Ylv 5v(Pv) (where 7p C Jf{i) contains Jf{£)^). From the above explanation it 
follows that the group Jp/Jf{i)^ differs only by a finite number of factors from the group 
Jo{i)Jf{i)^/Jf{i)^, where yo(^) < Jf{^) denotes the subgroup of finite ideles which are 
given by units at all places: 

jo{£) = n ''w- 

weVf{e) 

We consider now the case ^D2m+i which arises only for half of the groups Gq. In this 
case the group {k^, C) was described in Section 4.5 by the following exact sequence: 

\ ^ ^n{K)/N,^ki^e\M{K)) ^n\k,„c) ^ {e^kKy/{e®kKy''^k:/k:\ 

We note that by [5, Sec. 5.3] together with the argument from Section 5.2, for every v G 
Vf, the group /in(A;v)/A'^|;t(Rf|yt(Mn)(^v)) acts trivially on the local Dynkin diagram Ay and 
hence it is contained in 5v(Pv). Therefore, using the same argument as above, we see 
that the quotient Y['ii^{ky,C)/Y[v^v(Pv) can be described as a quotient of Jf(L)/Jf{£y^ 
by some subgroup Jp/Jf{iy (with Jf{t)^ C 7p C Jf{L)). Here the idele group //(L) is 
defined by 

7/(L) = {{x,X e Jf{^) I N^\kM G {K)^ for all w|v, v G V/} , 

and the group L introduced in Section 4.5 can be seen as a subgroup of //(L). We can also 
consider 7o(L) =Jo{t} n7/-(L). 

Recall that for the cases different from ^D2m+i we have L = £*. We will unify the 
notation for ideles in the rest of the section and denote by //(L) (resp. 7o(L)) the group 
Jf{t) (resp. Jo{t)) if the group G is not of type ^D2m+i- 

6.4. By Section 4.6, d{G{k)) D A, with the group A introduced there. By Proposition 4.7, 
in all the cases except when ^ = Q and G is of type ^D2m+i, the group A is a subgroup of 
£*/ By Proposition 3.9, when k = Q and r = 2m + 1 our group G (= Gi) is inner and 
hence the excluded case does not occur. So the group A can be identified with A/ 
where A is given by Proposition 4.7 (la), (lb), (2a) or (2c). 

The group 7p introduced in Section 6.3 can differ from 7o(L) at the direct factors corre- 
sponding to the places of i above the finite set RUTi. But for groups Gq (resp. Gi) under 
consideration. Section 5.2 (resp. Section 5.3) shows that we have an inclusion 



(28) 



AJo{L)jf{iy/jf{iy' c Ajp/jf{ey. 
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It follows then from Proposition 6.2 and Section 6.3 that the class group ^(P) is a quotient 
of the group 

= (7KL)/-//(L)")/(A/o(L)7K^)7^/(^)") 

(29) - 7/(L)/A7o(L)7/(£)". 

6.5. To prove uniqueness it is sufficient to show that in each case under consideration the 
group is trivial. We have the following commutative diagram with an exact row: 

(30) A — 7/(L)/7o(L)7/(£)" 1 

L/[/l 

We need to show the surjectivity of the first horizontal map. To this end consider the 
composition P2° Pi- Since = 1 the surjectivity of p2 can be proved directly, expressing 
local uniformizers as the elements in i. To prove the surjectivity of pi we must show that 
AUi^ = L. This is shown if L/A has the same number of elements as Ui^/U\. With the 
description of A given in Proposition 4.7 and the information about Ua from Section 5.1 
we can easily check this equality for all cases. This finishes the proof of uniqueness. 

6.6. We showed that the groups Aq and Ai are defined uniquely up to conjugation in H. It 
implies that the same is true for their normalizers Tq and Fi . In the next three sections we 
will prove that these groups have minimal covolume among the corresponding lattices. The 
results of this section will then imply the uniqueness of the minimal orbifolds in Theorems 
1 and 2. 

7. Proof of Theorem 1: odd rank 

In this section we give a proof of Theorem 1 for the rank r = 2m + 1 . Here we assume 
that the minimal covolume lattice F is associated to an algebraic group G which is defined 
over k ^ Q and has the splitting field i. By Section 2.3, G is of type ^D2m+i. Moreover, 
we can assume that F = F"" (see Section 4.3). We would like to show that G = Gq. The 
results of Sections 3.7 and 4.3 would then imply immediately that the minimal covolume 
is attained on the lattice Fq. 

7.1. Let us first consider the case {k,i) = (kQ.io). Since the rational primes 2 and 3 are 
inert in ko, the cardinality of the residue field fy is at least 4 for each v G Vf{k). By (5), this 
implies that Av > 18 for every possible lambda factor appearing in the covolume of F. Then 
if Ti 7^ we see that the covolume of F is strictly bigger than the covolume of Fq. Indeed, 
the index [F : A] can differ from [Fq : Aq] only by the factors q and q' (the order of A^/ (£*)" 
depends only on i), and by Proposition 4.10 we have q < YlvK - Hence if {k,£) — {kQ.io), 
we must have Ti = 0. By the uniqueness part of Proposition 3.9 we then have G = Gq. 

Our discussion shows that the proof of the theorem reduces to proving the following 
statement: IfT is a cocompact arithmetic subgroup of the smallest covolume then the fields 
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k, i associated to it are the fields ko, io. The rest of this section is concerned with estab- 
lishing this fact. The idea is to obtain bounds for the discriminants ^^id from the 
inequality /i(///r) < ii{H /Tq) and the upper bound for ii{H /Yq), which we get from the 
estimates (7) and (8) (when r < 16) along with [Fq : Aq] = 2. 

7.2. From the volume formula and Proposition 4.12 it follows that for G of type '^D2m+i: 

r 1 /2 

where ^ is a coherent collection of parahoric subgroups defining a principal arithmetic 
subgroup whose normalizer is F. By [5, Appendix C], we have 4^*'^i S'{^) > 1 (this value 
corresponds to Ylfv in the latter reference), which gives: 

At this point we need to bound h(>, and for this we will use the Brauer-Siegel theorem 
similarly to the way it is done in [5, proof of Prop. 6.1]. Since i has signature {2,d — 1), 
the Brauer-Siegel theorem implies that for any s > I: 

(32) < 2s{s-\)2-^r(^^yr{sY-'i2-^'+^n-^^^,y/^C{^?', 

where Ri is the regulator of i. In [10] it is proved that, with the exception of three fields, 
the regulator of a number field is greater than 1/4. Since these three exceptional fields are 
totally complex, they cannot arise as £. With R£> 1/4 and taking 5 = 2 in (32), we get 

(33) hi < 16( — ) ^^ 



,12/ 

Combining (31) and (33), and in the second step using ^( > we can write: 

(34) il{H/r) > l^^'^-"-/^+'^;-y^a{rY 

(35) > ^^k^'^'^Mr)': 
where 

1 /12\^ 



7.3. We now reduce to a finite number of possibilities for the field k by bounding the 
discriminant For r > 15 the factor a{r) is greater than one, so its power to d can be 
replaced in (35) by a square without changing the inequality. Comparing this value with 
the upper bound for the covolume of Fq we get: 
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which is only possible for < 6. 1 if r > 15 (the worst bound appears with the smallest r, 
here r = 15). This implies that k = ko. 

For r = 3, 5, . . . , 13 the factor a{r) is less than one and we have to be more careful in 
order to exclude fields k of high degrees. We use unconditional (i.e. not depending on the 
Generalized Riemann Hypothesis) bounds for discriminants of totally real number fields 
given in [20, table 4]. Taking J > 7 we have > 9.3^, and we can check that for all 
r = 3, 5, . . . , 13 the factor 9.3'"^''^^^^a{r) is greater than 1. From (34) we then obtain: 

(37) ^{H/r) > l(9.3--'-/2-2a(r))', 

and we check that for each r = 3, 5, . . . , 13 the right hand side of (37) is greater than the 
covolume of Fq. So the degree of k must be strictly less than 7. For the degrees J = 2, . . . , 6 
we compare the bound (35) with the covolume of Tq. In each degree and for each r it gives 
a bound for ^j^. We list the bounds we get for r = 3, which are worst than for other r: 



d 


= 2 


< 22; 


d 


= 3 


< 198; 


d 


= 4 


^k < 1 778; 


d 


= 5 


< 15 956; 


d 


= 6 


< 143 195 



The bounds for are sufficient to determine from the tables of totally real number fields 
(see [32] or [33]) precisely which fields may occur as k. For r = 7,9, 1 1, 15 we see imme- 
diately that the only possibility is k = ko. For r = 5 the quadratic field of discriminant 8 is 
not excluded, while for r = 3 we are left with fourteen possible fields, all of degree lower 
than 5. 

7.4. We now turn to the problem of excluding all but a finite number of extensions i\k. 
For r > 15 and odd we proved that = 5 and from (34) we can give a bound for ^( similar 
to the way we obtained the bound (36) for We obtain that ^£ < 336. There are three 
such field of signature (2, 1), but only i = io'is an extension of kg. 

For r = 3 the only possible field of degree d = 5 is k with = 14 641. Comparing the 
bound (34) for this given value of % with ii{H/Yq), we get < 731 ■ 10^. The degree 10 
is too large to find a list of possible number fields in tables from [32] and [33]. But if we 
make use of the information that (. is an extension of a totally real quintic field, we can use 
the results of [27] where the smallest discriminants of such fields are determined for each 
signature. It turns out that our bound for is smaller than the smallest possible value of the 
discriminant (= 1 332031 009). This implies that no extension of k satisfies the inequality, 
and hence the quintic field is eliminated. For J = 4 we have three possibilities for k with 
&k = 725, 1 125 and 1 600. From [8] we known that here > 4286875. Similarly to what 
was done for the quintic field above, we can exclude the case = 1 600. For the others 
two fields this argument does not work. However, with the method based on the class field 
theory which is explained in [8], we can (using e.g. Pari/GP) find all quadratic extensions 



ON VOLUMES OF ARITHMETIC QUOTIENTS OF PO(/i, 1)°, n ODD 



27 



of k with real signature 2 up to the bound for It turns out that for = 1 125 there 
are no such extensions. For 2i]^ = 725 two extensions £ are possible (with discriminants 
^^ = 5781 875 and 9 986 875, resp.), both with class number h£ = 1. With this information 
at hand we can come back to the inequality (31) and refine our bound for ^^t- This gives 
us the bound < 699, which excludes the last quartic case = 725. For d = 2, resp. 
d = 3, the maximal value for arises when = 5, resp. = 49. Using this value of 
S'k in (34) and comparing with }x{H/Tq) we get the following bounds for 

d = 2 : ^£< 5 893; 
j = 3 : 409830. 

We can check in the tables from [32] and [33] that all fields £ respecting these bounds have 
class number one. As above, this allows us to refine the bound for by putting hi= I 
in (31). We find that the only possible values of Qij^ are 5, 8, 12 for d = 2 and 49 for d = 3. 
For each of these we now refine the bound for using = \. It turns out that only 
k = ko has possible extensions i whose discriminant is small enough, and these possible 
extensions are given by i with ^£ = 275, 400 and 475. 

For r = 5 the bound for ^£ in case = 8 is small enough to exclude this field. For 
r = 5, . . . , 13 we then have necessarily = 5, for which the bounds for allow us to 
check in a first step that hg= I. Again this improves the bounds for ^i. From this we find 
that £ must be Iq. 

7.5. To achieve the goal of this section it remains to exclude the cases ^g = 400 or 475 
when r = 3. These two discriminants correspond to the extensions and ^[v^] of 

k = ko, where 

^^^W5 /3 = -l+2v^. 

2 

The fundamental units in (resp. in k[^/P]) are given by Ti = y/a and T2 = 1 + y/a 

(resp. Ti = and T2 = ^ 2^ )- We can compute for these two fields i that 

#(A4/(r)4) = 4. 

This computation is carried out the same way as it was done for Iq in Section 5.1. This 
gives [r : A] < 4^+*^' , and with this new bound we can check that the covolume of F is 
bigger than /i(///ro). 

We showed that for r = 2m + 1 the minimal covolume in the cocompact case is attained 
on the group Fq constructed in Section 3. Together with the index computation in Section 5 
and the uniqueness result of Section 6 it finishes the proof of Theorem 1 for odd rank. 

8. Proof of Theorem 1: even rank 

8.1. We now deal with the even rank case in Theorem 1. Admissible groups are of type 
^T)2m or ^'^04. The proof follows the same idea as in odd rank and we will allow ourselves 
to skip some details which are clear from Section 7. Thus, repeating the argument from 
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Section 7.1 we obtain that it is enough to show that the minimal co volume subgroups are 
attached to {k,i) = (ko.io). In particular, in rank 4 we need to exclude the triality forms 
^'^D4. As in Section 7, we denote by F = a subgroup of G defined over k ^ Q with a 
splitting field i and we suppose that F has minimal covolume. We will treat the case -^'^04 
separately in Section 8.5 and assume in the beginning that G is of type ^D2m. 

8.2. The index [F : A] which appears in the formula for /i(///F) is bounded by the integer 
22d-i2#R^#T]j^^ (by Proposition 4.12). The factor 4*'^i can be eliminated the same way as it 
was done in Section 8.2. From [25, Appendix] we have the inequality 

(38) 2*^^ < ^" 



The bound (33) for hi is still valid in the current setting. Combining all these facts together 
we get 

8 

1 ^'■'-'•/2-2^^.^rf 



(39) ^{H/T) > ^ a(r) 

(40) > i ^['-'•/2-2^(r)^ 



where now 



1 /12\^ 



8.3. For r> 16 we can check that a(r) > 1 and this allows us to bound by an inequality 
similar to (36). We get S'k < 5.9, proving that k = ko if r > 16. For r = 4, . . . , 14 we 
exclude the fields k of degree d > 5 using the same trick as in Section 7.3 (Odlyzko's 
bound employed here is > (6-5)^ for d > 5). Comparing (40) with /i(///Fo) we get 
bounds for depending on d for each r = 4, ... ,14. In particular, for r = 4: 



d = 2 
d = 3 
d = 4 



< 12; 
^k < 62; 
% < 323. 



We see that k can be different from ko only when r = 4 (with possible quadratic fields of 
discriminants = 8, 12 and a cubic field of discriminant = 49), or when r = 6 (with 
% = 8). 

8.4. We now check possibilities for the field i. For r> 16 we obtain the bound !^( < 479. 
Besides the field io, we then have a possibility of i having discriminant 400 or 475. These 
fields have class number h£= I which allows us to get an inequality 

-3/2 

< 8-11. 



25-11 

From this inequality we obtain that for r > 16, < 383, which implies that i = io- 
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In rank r = 4, for the only possible cubic field k with = 49 we obtain < 16809, 
and no any field of signature (4, 1) satisfies this condition. Similarly, the cases &]^= 12 
for r = 4 and ^y^- = 8 for r = 6 can be also eliminated. Therefore, we obtain the bound 
3i( < 28 662 which is valid in rank r = 4 (with the worst case corresponding to = 5) as 
well as in higher ranks. We can check in the table from [33] that admissible quartic fields 
£ whose discriminant respects this bound have class number hi <3. This information can 
be used in the inequality 

(41) ^{H/T) > ^2^<"""/'+'^r'^'c(r)^ 

to get the refinement < 2064. All fields £ which satisfy this condition have the class 
number hi = 1 . Again, this improves the bound for the discriminant to < 1 330 when 
r = 4 and = 5. For = S and the same rank we have a better bound < 224 
which excludes this case and proves that k = ko also in rank r = 4. For the field £ we now 
have the possibilities ^i = 275,400,475,775. For each of these fields the extension £\kQ 
contains exactly one ramified place, which means that #R= I. The inequality (38) can be 
advantageously replaced by 2^^ = 2. This gives: 

(42) ^{H/T) > ^5'-'-^/2(^^y '^'c(r)2. 

Comparing the value of this bound with ii{H /Yq) we can check that £ = £q, with the only 
possible exception in rank 4 of the field £ with ^i = 400. Now for this specific £ we can 
compute that #A2/ (£*)^ = 2 (we use the description of £ given in Section 7.5). Then we 
have [r : A] < 4^+*-^i which allows us to show that ^{H /T) is bigger than ii{H /Tq) in the 
case ^i = 400. Thus, in rank r = 4 we have £ = £o as well. 

8.5. To complete the proof of Theorem 1 we need to exclude the arithmetic 7-orbifolds 
defined by triality forms. So assume now that G is of type -^'^04. In this case we have 
[£:k] = 3 and [F : A] < 23^+^2*^4*^1/1^ Moreover, the bound (33) should be replaced by 
hi < 16(;r/12)3'^^£. It follows that 

M(///r) > j^a'^l\ 

where a = l/8(12/;;r)3C(4). For J > 5 we can check using > 6.5'' that IX {H /T) is 
necessarily bigger than ii{H /Yq) and for smaller d we have: 

d = 2 : ^;t<15; 
d = 3 : ^A:<86; 
d = A : ^^<490. 
In particular, the totally real field k cannot be of degree d = A. The inequality 
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gives US different bounds for for each of the possible S>k- For ^k = 5,d ~2 and — 49, 
J = 3 we have the worst possible bounds: 



We can check in the table from [33] that all fields i of degree 6 with at least one real place 
(condition (3) from Proposition 2.5) and with < 445 619 have the class number hg = 1. 
This information allows us to improve the bound to < 20 165, and no any admissible 
field £ has the discriminant small enough. Thus the case J = 2 is excluded. For d = 3 the 
bound we have is in contradiction with Odlyzko's bound ^£ > (6.1)^, given in [21]. 

This finishes the proof of Theorem 1 . 



9.1. We begin the proof of Theorem 2 with the easiest case r = 2m + 1 with m even. 
The same argument as in Section 7.1 implies that it is enough to show that a minimal 
covolume arithmetic subgroup F = F"^ is necessarily defined by a group G of inner type. 
Thus it suffices to show that ^( = I. From Proposition 4.12, the bound (33) for hg and the 
inequality 4"*^iff (^) > 1, we get 



Since r> 5 this gives the bound ^£ < 2.21 , proving that I = l\ = Q. 

9.2. Let us assume now that r = 2m + 1 with m odd. Since the result of Theorem 2 for 
r = 3 follows from [13], we allow ourselves to present here the proof with the assumption 
that r 7^ 3. The proof in the case r = 3 with our method is also possible but it requires a bit 
more effort (see [9, §15.9]). 

So we have r > 7. We can check that the product 



bounded by 2 . Thus dividing /i(///Ai) by the index [Fi : Ai] from (26), we obtain: 

4^-1/2 

jU(H/Fi) < ^-C(r). 

We can compare this value with the general bound for a subgroup F = F"^ obtained by our 
usual argument (Proposition 4.12, bound for hg, etc.): 



For r > 7, if we suppose that F is of the smallest covolume, we must have ^£ < 6.3. So 
^£ = 1 and = 5 are the only possibilities (recall that by Proposition 2.5, i must be totally 



d = 2 : 445 619; 

d = 3 : ^£<7.7-10^ 



9. Proof of Theorem 2 






ON VOLUMES OF ARITHMETIC QUOTIENTS OF PO(/i, 1)°, n ODD 31 

real). In particular, h£ = 1 and this gives a better bound for /i(///r), which is enough to get 
^£ < 4.7. The latter is satisfied only for i = Q. Hence the group F of minimal covolume 
must be associated to a group G of inner type ^D2m+i . Thus G is inner over each place of 
Q. Moreover, we know that G = Spin^ for some quadratic form / over Q. But since over 
M the Hasse symbol of / must by the admissibility condition be equal to —1, the Hilbert's 
reciprocity [22, Ch. VII] implies the existence of at least one finite place v = (p) where 
G is non- split. This place v appears in the formula for the covolume of F with a non- 
trivial lambda factor and we can check using (9) that in case v ^ (2) we have Xy,/4 > A(2)- 
Thus considering all other non-trivial Ay, we get YlyXv ■ 4^*^' > A(2)- This implies that the 
smallest volume is obtained when G is non-split only at v = (2). This is exactly the case 
for G = Gi, proving the minimality of the covolume of Fi. 



9.3. We finally deal with the last case r = 2m. Again, even though the proof for r = 4 
is possible, we will assume that r > 6 and refer to [13] for the remaining case. In the 
covolume of Fi we can bound the Euler product by 2. Let us consider the lattice F of the 
minimal covolume. By the admissibility condition, the group G defining F must be of outer 
type ^D2ot. Comparing /i(///Fi) with /i(///F) we have: 

(«) 3'-'/^ > ^;jr"'. 

We use the inequality 2*^ < to simplify the right hand side. We can use the bound (33) 
which is valid here but requires a different argument: Indeed, this bound was obtained 
under the assumption that i contains only two roots of unity. In the current setting it is no 
longer the case, since e.g. £ = Q[i] has 4 roots of unity. But this is the only exception and 
Q[z] has the class number 1 and hence satisfies the bound. Thus for r > 6 we obtain < 8. 
It follows that #R= I and hf = I. Coming back to (43) with the new information at hand, 
we get ^£ < 4. To exclude the case = 4, we compute the order of A2/ (i*)^ for i = Q[i] . 
By Proposition 4.7, we have A = i and using the method of Section 4.1 1 we obtain easily 
that £2/ (i*)^ has order 2. Compared to the general bound for the index in Proposition 4. 12, 
this improves the bound by a factor two: [F : A] < 2 ■ 2 ■ 4*^' . With this new bound for the 
index we can show that /i(///F) is bigger than ii{H /Y\). It follows that the group F of 
the smallest covolume is necessarily associated to a group G with the splitting field 1 = (,\. 
We can see that the smallest covolume is obtained when no lambda factor appears in the 
volume formula. This implies that G = Gi and thus completes the proof of Theorem 2. 



10. Growth of the minimal volume and proof of Theorem 3 

10.1. The formulas from Theorems 1 and 2 allow us to investigate the behavior of the 
minimal volume as a function of the dimension of the space. As before, we will treat the 
compact and non-compact cases separately. 
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By Theorem 1 we have 



Vole(OS) = -L,,Ur)U^-j^Ck,{2i), 

where r = '-^ . The product Z = L^i^^{r) (2) ■ ■ ■ (2r — 2) is minimal for r = 3, and by 
evaluation we get Z > 1.14. Thus we have the following lower bound 

(44) voi„(05) > 1.14.^ p_(^n%y^- 

It is easy to see that for r > 15, the product Hpi ^'^{2izf' ^ ^ ' ^^^^ leads to a lower bound 

VoleM > (r-l)! forr>15, 

which implies that the minimal volume in Theorem 1 grows super-exponentially for high 
enough n. 

Similar argument works for the volumes of the non-compact orbifolds from Theorem 2. 
Here we have 

(45) VoleM = Ci(r)n^|^C(20>l.V8-Ci(r)n^|^ 

where r = '-^ and Ci (r) depends on r (mod 4) . We can show that for r > 20, the product 

U-Z} > (2(r- 1) - 1)! and Ci(r) > 1 if r ^ 1 (mod 4), Ci(r) > otherwise. 

Hence in all the cases 

Vo1h(0'^) > r! forr>20. 
Again we see that the minimal volume grows super-exponentially for high enough n. 

10.2. We can compute the actual values of the minimal volume for small dimensions 
n. Table 2 shows the results of a numerical computation which was done using Pari/GP 
calculator. It gives approximate values of the minimal volume for each of the cases. 

Our computation and estimation show that the minimal volume decrease with n till n = l 
(resp. n = 17) in the compact case (resp. non-compact case). After this it starts to grow 
eventually reaching a very fast super-exponential growth which we expect from the estimate 
in Section 10.1. 

10.3. We are now ready to prove Theorem 3 from the introduction. The ratio Q{n) — 
Vole(OQ) /Vole(Oi) can be bounded from below as follows. 

Similar to the previous considerations we can show that for odd n. 
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n 


5 


7 


9 11 


13 


15 


Voli 




1.53-10-3 


5.45-10-4 


7.20-10-3 9.87 


3.14-10^ 


4.57-10^4 ... 


Voli 


im 


3.65-10-4 


1.89-10-*^ 


9.30-10-'! 3.52- 10-" 


1.20-10-12 


3.52-10-14 



17 




19 


21 


23 


25 


27 29 


... 5.36 
2.07- 


-1025 


8.40-1039 
2.69-10-14 


2.75 - 10" 
3.65-10-12 


2.79-10'^ 
1.13-10-1° 


1.27- 10ii'3 
6.63-10-13 


3.62-10131 8.79-101^3 
1.25-10-2 1.98 -10^ 



Table 2. Approximate volumes of 0'^ and O'l for small n 

It implies 

y'--r/2 . 1 r-1/2 . _ 1 ) K -1 (2/ - 1 ) ! 

Now as in Section 10.1, we have DPi ^^^p^ > 1 for r > 15, which implies that for odd 

n > 29, we have Q{n) > (r — 1)! where r = Together with the computational data 
from Table 2 this finishes the proof of Theorem 3 for odd n. The case of even dimension is 
obtained by an entirely similar application of the results from [2]. 



References 

[1] 1. Agol, M. Belolipetsky, P. Storm, K. Whyte, Finiteness of arithmetic hyperbolic reflection groups, 

Groups, Geometry, and Dynamics, 2 (2008), 481-498. 
[2] M. Belolipetsky, On volumes of arithmetic quotients of SO(l,«), Ann. Scuola Norm. Sup. Pisa CI. 

Sci. (5), 3 (2004), 749-770; Addendum: ibid., 6 (2007), 263-268. 
[3] A. Borel, Commensurability classes and volumes of hyperbolic 3-manifolds, Ann. Scuola Norm. Sup. 

Pisa CI. Sci. (4), 8 (1981), 1-33. 
[4] A. Borel, Linear algebraic groups (2nd enlarged ed.). Graduate Texts in Math., 126, Springer (1991). 
[5] A. Borel, G. Prasad, Finiteness theorems for discrete subgroups of bounded covolume in semi-simple 

groups, Inst. Hautes Etudes Sci. Publ. Math., 69 (1989), 119-171; Addendum: ibid., 71 (1990), 

173-177. 

[6] T. Chinburg, E. Friedman, The smallest arithmetic hyperbolic three-orbifold. Invent. Math., 86 
(1986), 507-527. 

[7] V. 1. Chernousov, A. A. Ryzhkov, On the classification of maximal arithmetic subgroups of simply 

connected groups, Sb. Math., 188 (1997), 1385-1413. 
[8] H. Cohen, F. Diaz y Diaz, M. Olivier, Computing ray class groups, conductors and discriminants. 

Math. Comp., 67 (1998), 773-795. 



34 



MIKHAIL BELOLIPETSKY AND VINCENT EMERY 



[9] V. Emery, Du volume des quotients arithmetiques de I'espace hyperbolique, PhD thesis, Universite 
de Fribourg (2009). 

[10] E. Friedman, Analytic formulas for the regulator of a number field. Invent. Math., 98 (1989), no. 3, 
599-622. 

[11] M.-A. Knus, A. Merkujev, M. Rost, J. -P. Tignol, The book of involutions. Colloquium Publications., 

44, American Mathematical Society (1998). 
[12] S. Helgason, Differential geometry and symmetric spaces. Pure andAppl. Math., 12, Academic Press 

(1962). 

[13] T. Hild, The cusped hyperbolic orbifolds of minimal volume in dimensions less than ten, J. Algebra, 
313 (2007), 208-222. 

[14] T. Hild, R. Kellerhals, The FCC lattice and the cusped hyperbolic 4-orbifold of minimal volume: In 
memoriamH. S. M. Coxeter, J. Lond. Math. Soc, II. Ser, 75 (2007) No. 3, 677-689. 

[15] S. Lang, Algebraic number theory. Graduate Texts in Math., 110, Springer (1994). 

[16] J.-S. Li, J. Millson, On the first Betti number of a hyperbolic manifold with an arithmetic fundamental 
group, Duke Math. J., 71 (1993), 365-401. 

[17] C. Maclachlan, A. W. Reid, The arithmetic of hyperbolic 3-manifolds, Graduate Texts in Math., 219, 
Springer (2003). 

[18] R. Meyerhoff, The cusped hyperbolic 3-orbifold of minimum volume. Bull. Am. Math. Soc, New 
Ser, 13(1985), 154-156. 

[19] A. Mohammadi, A. Salehi Golsefidy, Discrete subgroups acting transitively on vertices of a Bruhat- 

Tits building, Duke Math. J., to appear. 
[20] A. M. Odlyzko, Bounds for discriminants and related estimates for class numbers, regulators and 

zeros of zeta functions: A survey of recent results, Semin. Theor Nombres Bordeaux, Ser II, 2 (1990), 

119-141. 

[21] A. M. Odlyzko, Discriminant bounds, http://www.dtc.umn.edu/~odlyzko/unpublished/index.html 
[22] O. O'Meara, Introduction to quadratic forms, Grundl. der Math. Wiss., 117, Springer (1963). 
[23] T. Ono, On algebraic groups and discontinuous groups, Nagoya Math. J., 27 (1966), 279-322. 
[24] V. P. Platonov, A. S. Rapinchuk, Algebraic groups and number theory (English translation). Pure and 

Appl. Math, 139, Academic Press (1994). 
[25] G. Prasad, Volumes of S'-arithmetic quotients of semi-simple groups, Inst. Hautes Etudes Sci. Publ. 

Mflf/i., 69 (1989), 91-117. 

[26] J. Rohlfs, Die maximalen arithmetisch definierten Untergruppen zerfallender einfacher Gruppen, 

Math. Ann., 244 (1979), 219-231. 
[27] S. Selmane, Quadratic extensions of totally real quintic fields. Math. Comp., 70 (2001), 837-843. 
[28] C. L. Siegel, Some remarks on discontinuous groups, Ann. of Math., 46 (1945), 708-718. 
[29] W. Scharlau, Quadratic and Hermitian forms, Grundl. der Math. Wiss., 270, Springer (1985). 
[30] J. Tits, Classification of algebraic semisimple groups, Proc. Symp. Pure Math., 9 (1966), 33-62. 
[31] J. Tits, Reductive groups over local fields, Proc. Symp. Pure Math., 33 (1979), Part I, 29-69. 
[32] The Bordeaux Database, ftp://megrez.math.u-bordeaux.fr/pub/numberfields/ 
[33] QaoS online database, http://qaos.math.tu-berlin.de/cgi-bin/qaos/query.scm 

IMPA, Estrada Dona Castorina, 110, 22460-320 Rio de Janeiro, Brazil 
E-mail address: mbel@impa.br 

Department of Mathematics, University of Fribourg, Perolles, Chemin du Musee 23, 
CH-1700 Fribourg, Switzerland 

E-mail address: vincent . emerySgmail . com 



